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Limit-Cycle Oscillation Induced
by Nonlinear Aerodynamic Forces

K. W. Dotson,* R. L. Baker, and B. H. Sako*
The Aerospace Corporation, Los Angeles, California 90009-2957

The aerodynamic flow state on launch vehicle payload fairings and aircraft wings can change abruptly during
transonic flight if the angle of attack reaches a critical value. The nonlinear pressure variation associated with a
flow-state change induces transient structural responses that may converge to a limit-cycle oscillation (LCO). In
this steady state, the work conducted during the flow-state changes balances the energy dissipation from structural
damping. Analysis of this transonic LCO phenomenonis often conducted using a semi-empirical, unsteady pressure
variation in which the levels for the flow states are determined from steady wind-tunnel test data. The presented
theory addresses the condition in which the flow-state changes occur near a quasi-steady, nonzero angle of attack.
The analysis for the resulting asymmetric forcing function complements the authors’ existing derivations for a
symmetric forcing function at zero angle of attack. Both the asymmetric and the symmetric analyses develop
closed-form equations for the structural response frequency and amplitude. These expressions show that the
solution space contains a subcritical Hopf bifurcation when the critical angle of attack equals the quasi-steady
angle of attack. They also show that a saddle-node bifurcation, or fold, corresponds to the critical angle of attack
beyond which LCO will not occur for a given quasi-steady angle of attack.

Nomenclature
AF = amplification factor, dimensionless
C,-Cyy = -constantsin complementary solution, dimensionless
F(q) = oscillating flow separation force, N
f = structural natural frequency, Hz
M = Mach number, dimensionless
n = aerodynamic stiffness, dimensionless
n = aerodynamic damping, dimensionless
q(t) = generalized translation, m

-~
1l

time (transient motion), s
z = generalized translation normalized with respect to its
static value, dimensionless

o = angle of attack, rad

At = time required for flow-state change, s

¢ = structural damping (as a ratio to the critical value),
dimensionless

A = eigenvalue of Jacobian matrix, 1/s

& = force variation, dimensionless

T = time (steady-state motion), s

¢ = structural mode value at location of flow-state
change, rad/m

w = undamped circular natural frequency, 27 f, rad/s

Subscripts

a = asymmetric

a—d = time points in idealized force

cr = critical

e = excitation

[ = linear, also force lag

m = mean

max = maximum
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min = minimum

p = force pulse
s = symmetric
st = static

0 = quasi steady

Introduction

IND-TUNNEL tests show that the flow at the cone—cylinder

junction of launch vehicle payload fairings can oscil-
late between separated and attached states.!'> Flow-state changes
also occur on aircraft wings due to shock-induced trailing-edge
separation’~> Oscillations between the attached and separated flow
states occur within fixed ranges of angle of attack and transonic
Mach number.>*

For both launch vehicles and aircraft, the transitionfrom one flow
state to another occurs fairly rapidly with respect to the structural
response, such that the corresponding aerodynamic force change is
steplike >® The flow-state transitions, moreover, are triggered when
the local angle of attack reaches a critical value.>* Because of the
time required for development of the flow state, the nonlinear aero-
dynamic force lags the structural response.>¢ The phenomenon is,
therefore, characterized by steplike forces that trail the critical re-
sponse value by a small time A¢. This time lag introducesenergy to
the system,>® and given sufficient time for convergence, the fluid—
structure interaction can lead to limit-cycle oscillation (LCO). In
this steady state, the work conducted during the force lags balances
the energy dissipation from structural damping.

Semi-empirical models of the fluid—structure interaction have
been used for analysis of launch vehicle’~® and aircraft=> LCO.
In this approach, steady experimental or analytical data are used
to quantify the attached and separated flow pressure distributions.
The unsteady force variationis based on a critical rotation angle for
flow-state changes and a finite rise time. For example, the model
shown in Fig. 1 has been used for zero-angle-of-attack flight.=° In
this case, the flow-state changes occur symmetrically, that is, they
are identical on both sides of the structure at the critical angle of
attack. The forcing function & is supported by flight pressure mea-
surements, from which the time lag value can be estimated.”

Analytic expressions for response amplitude and frequency are
developedin Refs. 6-9 for symmetrically driven LCO, with an em-
phasison launchvehicle applications.Similar expressionsare devel-
oped herein for asymmetrically driven LCO using the model shown
in Fig. 2. That is, the presented theory is intended for analysis of
flow-state oscillations that occur on one side of a structure subjected
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Fig.1 One cycle of coupled force and response in semiempirical anal-
ysis at 0-deg angle of attack.
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Fig.2 One cycle of coupled force and response in semiempirical anal-
ysis at nonzero angle of attack.

to a quasi-steadyangle of attack. The semi-empirical analysis of air-
craft LCO also employs an asymmetric, steplike forcing function
that lags the structural response, but only numerical solutions of
the equation of motion are presented in Refs. 3-5. The formula-
tion herein is general. It is believed that the presented closed-form
expressions and parametric studies are applicable to any dynamic
phenomenon that can be approximated by Fig. 2.

The semi-empirical methods for aircraft LCO have been validated
using flight-test data.>=> Trends in these results generally support
the relationships presented herein, and it appears that extant aircraft
test data and semi-empirical predictions could be used to confirm
the present theory. Wind-tunnel testing directed toward validation
of models for launch vehicle LCO has been initiated,!” but cur-
rently thereis a paucity of associableflight pressure and acceleration
measurements.’

Equation of Motion

Launch vehicle LCO’ is commonly predominated by aeroelastic
coupling with a single system mode. Although aircraft LCO occurs
for a single mode in many cases, it can involve at least two modes
with a flutterlike coupling. The single structural mode corresponds
to core bending for launch vehicle LCO” and to wing bending or
torsion for aircraft LCO.? For multiple-mode aircraft LCO, the cou-
pling involves some combination of bending and torsion. Recent
computationalresults for wings in inviscid flow, nevertheless, show
thata single-degree-of-freedom torsion flutter instability,rather than
classical bending—torsion coalescence flutter, characterizes the bot-
tom of the transonic dip.!! Provided that a single mode does indeed
predominate, the equation of motion for the coupled system is de-
fined by

G(t) + 2004 (t) + w’q(t) = F(q) 1)

The generalized force F(g) is a function of the structural re-
sponse because the flow state changes at a critical response value.
The amplitude F of the generalized force is defined by profiles of
the pressure coefficient for the separated and attached flow states.
Dotson et al.5 discuss, at length, the use of steady wind-tunnel data
or steady computational fluid dynamics (CFD) results for the cal-
culation of this amplitude. Normalizing Eq. (1) with respect to the
static value g, = F/? yields

() + 2wz (t) + 0’ z(t) = w?E(2) )

where the nondimensionalforce variation € is herein defined by the
model shown in Fig. 2.

Initial and Critical Values
The quasi-steady angle of attack is converted into the following
nondimensional modal displacement:

2o = o/ Pqu 3)

This deflection is added to the dynamic response from Eq. (2), such
that the total response correspondingto the critical rotation is given
by

Zer = acr/¢qsl (4)

The scenario shown in Fig. 2, in which z; and z., are positive
values and z.; > zy, is used throughout this work. It is easy to show
thatnegative values of zy and z., (and/or scenarios with z, < z;) can
also be evaluated using the analytical expressions presented herein.
Note that the model implies that the quasi-steady angle of attack
is large enough that the minimum response never exceeds —z,. If
this were to occur, positive and negative force pulses (of generally
different width) would exist.

Numerical Algorithm

Equation (2) is solved numerically herein to provide compar-
isons with the presented closed-form analytical expressions. The
algorithm applies the procedures outlined in Ref. 12 for numerical
analysis of oscillators with motion-dependentdiscontinuities.

The computer code establishes the initial segment of the function
& based on the initial response value, that is, the value of z(0) de-
termines whether £(0) =0 or —1. The initial velocity, which can be
arbitrary, does not affect the force variation because the flow-state
changes are defined only by a critical displacement value.

Given the initial segment of the force variation, the response is
computed and checked at each time step to establish the point at
which the response reaches z.,. The appropriate segment of the &
functionis then added to the initial segment, and the time march con-
tinues until the response again reaches z.,. The resulting response
and force variation, thus, satisfy the fluid—structure interaction im-
plicitin Fig. 2.

Although application of this algorithm is slower than that used
in Refs. 6 and 8, it eliminates deficiencies that can occur when the
initial conditions are close to the unstable limit-cycle state.® The
values zp and z., in the examples herein are arbitrarily chosen but
are credible, depending on the parameters in Eqs. (3) and (4).

Phase-Plane Characteristics

Figure 3 shows phase-plane diagrams constructed using the nu-
merical algorithm. The trajectories (light solid lines) are shown in
three separate parts to facilitate comparisons with Fig. 4.

The quasistatic displacement z;, is generally a stable fixed point.
The heavy solid and dashed lines in Fig. 3a represent stable and
unstablelimit cycle states, respectively.Itis shown in a latter section
that, as the control parameter z.,—z, increases, the unstable limit
cycle expands and the stable limit cycle contracts until they meet at
a fold, or saddle-node bifurcation of cycles.

Time histories correspondingto the trajectoriesin Fig. 3 are plot-
ted in Fig. 4. Figure 4a shows how all initial conditions that lie
within the unstable limit cycle yield force pulses that decrease in
width, until the response amplitude falls below z,. After this time,
the function & disappears, and the response approaches the stable
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Fig.3 Phase plane diagrams constructed from subset of displacement
histories shown in Fig. 4: a) initial conditions inside of unstable limit
cycle, b) initial conditions outside of unstable limit cycle, and c) initial
conditions outside of stable limit cycle.

fixed point z, through free vibration. Figure 4b shows how all initial
conditions that lie outside of the unstable limit cycle, but within
the stable limit cycle, yield force pulses that increase in width and
a response that approaches the stable limit cycle. Finally, Fig. 4c
shows how all initial conditions that lie outside of the stable limit
cycle yield force pulses that decrease in width and a response that
approaches the stable limit cycle.

Limit-Cycle Response

Itis evident from Figs. 1 and 2 that the self-excitationof a struc-
tural mode due to nonlinear aerodynamic forces can be modeled
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Fig. 4 Displacement and force histories from numerical algorithm
where f = 6 Hz, { = 4%, At = 10 ms, z, = 4, 9 = 3.5, and
z(0)=0.

as a dynamic system with motion-dependentdiscontinuities. Many
mechanical problems fall under this rubric, including systems with
working clearances, oscillators with coulomb friction, and impact-
type structural elements.!?

More specifically, Eq. (2) describes a single-degree-of-freelom
oscillator excited by a piecewise linear force. Discontinuities in
stiffnessand damping are more common in mechanicalsystems than
external motion-dependentforces,'® but the equations of motion for
such “piecewiselinearoscillators”are formulatedin the same way as
Eq. (2).!* As shownin Ref. 8, and briefly discussedin a later section
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of this paper, nonlinear aerodynamic forces can also be converted
if desired into equivalent, discontinuous aerodynamic stiffness and
damping terms.

Natsiavas'* claims that motion-dependent forces must be ex-
panded using a Fourier series. If force discontinuities exist, an infi-
nite number of terms comprise the Fourier series. The contributions
of the terms in the expansion are then added to establish the partic-
ular solution in each time interval. In practice, a finite number of
Fourier terms are retained, which introduces error into the system
response and any derived results.

The approach advocated in Ref. 14 is classical, but is not used
hereinafter.Instead,a direct,closed-formsolutionof Eq. (2) is estab-
lished for the steady states. The analytical expressionsare then used
to study parametrically single-degree-of-freecdm LCO induced by
nonlinear aerodynamic forces, that is, by forces that are steplike,
that are asymmetric, and that lag the response.

Multifrequency Trial Function

In Ref. 15 itis shown that the exact steady-stateresponse of linear
systems subjectedto analytic forcescanbe derivedin closed form by
satisfying the governing differentialequation and periodicity condi-
tion. This approachis used herein to establish a multifrequencytrial
function based on the piecewise-linearforce £ shown in Fig. 2. The
resulting linear solution is then made to satisfy the force-response
couplingand, hence, the nonlinearequationof motion. The response
period is an adjustable parameter, defined as the value that balances
the work conductedduring the force lags and the energy dissipation
from structural damping.

The low damping values typical of launch vehicle® and aircrafi
structural modes do not significantly affect the linear steady-state
response, provided the excitation and natural frequencies are not
almost identical®!3 It will be shown that, although the effect of
structuraldamping on the multifrequencytrial functionis negligible,
it plays a critical role in establishing the excitation period.

t3'4

Response History
The steady-state response for an undamped linear oscillator sub-
jected to the forcing function in Fig. 2 is given by

z;(t) = Cy sin(wt) + C, cos(wt), 0<t<t, (5a)
z;(t) = C; sin(wt) + C4 cos(wt) — (tr —t,)/ At
t, <t <t, (5b)
z)(t) = Cssin(wt) + Cg cos(wt) — 1,
z;(t) = Cysin(wt) + Cgcos(wt) — 1 4+ (v — 1) /At
t. <t =<t; (5d)
z(t) = Cysin(wt) + Cyycos(wt),

<t =t (5¢)

where t designates the steady-state timescale with an origin at the
beginning of any given response cycle.

The 10 unknown constants in Eq. (5) must satisfy displacement
and velocity continuity at the segment interfaces. They must also
satisfy the periodicity conditions z;(0) = z,(¢,) and z,(0) = z;(¢,),
that is, by definition, the responses at the beginning and end of the
cycle are identical. It can be shown that the following constants
satisfy these 10 constraints:

C, =0 (62)
(A1)C, = sin(wt,) — sin(wt,)

+ cot(wt, /2)[cos(wt,) — cos(wiy)] (6b)
(A1) Cs = cos(wt,) (6¢)
(A1) C, = cot(wt, /2)[cos(wt,) — cos(wly)] — sin(wt,) (6d)
(A1)Cs = cos(wt,) — cos(wly) (6¢)

(wAt)C¢ = cot(wt,/2)[cos(wt,) — cos(wt)] (61)

(A1) C; = cos(wt,) — [1 + cos(wt,)] cos(wr;)

— sin(wt,) sin(wty) (6g)
(A1) Cy = cot(wt, /2)[cos(wt,) — cos(wly)]

+ sin(wt,) cos(wt,) — cos(wt,) sin(wl) (6h)
(wAr)Cy = [1 + cos(wt,)][cos(wt,) — cos(wiy)]

+ sin(wt,)[sin(wt,) — sin(wt,)] (61)
(wA1)Cyp = cos(wt,)[sin(wt,) — sin(wt})]

+ cos(wt,) cot(wt,/2)[cos(wt,) — cos(wty)] (6))

The linear response defined by Eq. (5) is symmetric about the
midpointof the force £ and, hence, does not satisfy the displacement
constraints indicated by the circles in Fig. 2. The trial function,
however, is admissible, if it is shifted in the direction of the origin
by an amount equal to half of the time lag. The nonlinear response
is, therefore, taken as

z=1z(t + At/2) @

The difference in the midpoints of the nonlinear response and the
force & affects subsequent derivations of the force pulse width 7,,.

For launch vehicle’ and aircraftt LCO, the time lag Ar is
generally small relative to the period of the structural mode
(T =1/f =2n/w). In such cases, the simplification w At ~ 0 is jus-
tified, which implies that the force £ can be approximated by a pure
step function. Thus, t, & 1,,, . ~ t,, and Egs. (5b) and (5d) become
irrelevant. It can be shown that the remaining constants in Eq. (6),
in this case, reduce to

=0 (8a)

C, = cot(wt, /2) sin(wt,) — cos(wt,) (8b)
Cs = sin(wt,) (8¢)

C = cot(wt,/2) sin(wt,) (8d)

Cy = [1 4 cos(wt,)] sin(wt,) — sin(wt,.) cos(wt,) (8e)
Cyy = cos(wt,)[cot(wt, /2) sin(wt,) — cos(wt,)] (81)

The linearresponsedefined by Eq. (8) can also be used to generate
a semi-empirical model in which a pure step force lags the critical
response by the time Af. Indeed, in its simplest form, the aircraft
LCO methodology uses this model of the flow-state transitions3

Response Amplitude
It can be shown that the minimum and maximum of the linear
response are located at the origin and at the midpoint of the period,
respectively. The following amplification factors (AFs) are expres-
sions for these values derived using Eqs. (5a) and (5¢):

AR = | Locos@An [cos@l,/2) ['sin(@AD) | sin(wr,/2)
' wAt sin(wt, /2) wAt | sin(wt, /2)
(92)
_ 1 — cos(wAt) |coslw(t, —1,)/2]
Af2=-1 +[ wAt } sin(wt, /2)
sin(wA?) |sinfw(t, —1,)/2]
+|: wAt i| sin(wt, /2) (ob)

where 7} is the pulse width including the force ramps (Fig. 2), such
that
t[’) =t, + At, t, =2t, + tl’, (10)

The maximum and minimum responses are expressed as AFs
because the equation of motion was normalized with respect to the
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staticdisplacement. When the simplification w At ~ 0 is introduced,
Eq. (9) reduces to

_ sin(wt, /2)
AR =~ en2) (11a)
AR, = —1 4 Slot — )/ (11b)

sin(wt, /2)

When added to zy, Eq. (9) predicts the values on the z axis for the
unstableand stable limit-cyclestates (see Fig. 3a). The parameters?,
and?,, however, must be established before Eq. (9) can be evaluated.

Force Pulse Width

As shown in Fig. 2, the time point at which the response reaches
the critical deflection defines the duration of the dead zone in the
force & and, by association, the pulse width 7. The response at 7,
therefore, must satisfy the constraint

Zo = zi(ty + At)2) + zo = Cycoslw(t, + At/2)] +z0  (12)
Evaluating Eq. (12) yields

1 — cos(wAt) wt),
Zep — 29 = | ——= | cos| ==
wAt 2

|:sin(a)At)i| ) (a)t[’, ) } cos[w(t, — t,’, + At1)/2]
— | ————— | SIn{ — - (13)
wAt 2 sin(wt, /2)

The solution t,’,/te can be determined from Eq. (13), when the
values z,—z¢ and wf, are given. The simplification w At ~ 0 applied
to Eq. (13) yields the following explicit expression for the pulse
width:

n (FB—7/2)

1
t,/t, = = 14
o/ 2 wt, (14)

where 1, 21, and
B = cos”'[psin(wr, /2)],

P =20Ca—z0)+1 (15b)

0<p<mn/2 (153

Thereare two admissible, values. The smaller value corresponds
to the unstable limit cycle, whereas the larger value corresponds to
the stablelimitcycle (see Fig. 4). This conclusionis intuitivebecause
narrow force pulses produce smaller response amplitudes than do
wide pulses for a linear oscillator?

Response Period

The final parameter required for the multifrequency solution is
the excitation period z,. At the limit-cycle state, energy dissipation
from structural damping is exactly balanced by work conducted by
the force &. This requirement leads to the identity

z(te) z(te)
/ 2w:dz = a)2/ £dz (16)
z(0) 2(0)

Figure 5 shows the variation of the force & with displacement z.
The hysteretic loop, depicted by the shaded rhomboid, is a result
of the flowfield time lag. According to Eq. (16), the net work con-
ducted during a response cycle equals the scaled area within the
hystereticloop. It is readily apparent that the work conductedin the
semi-empirical model is dependenton the assumed force-response
relationship. For example, a pure step force that lags the critical
response by an amount Az produces a rectangular hysteretic loop
with twice the area of the rhomboid in Fig. 5.

A clockwise hystereticloop correspondsto an aerodynamic force
thatis out of phase with the response, as shown in Fig. 2. According
to the directions of z and &, and the integral on the right-hand side
of Eq. (16), force-response coupling of this type does positive net
work during the time lag Az. Conversely, an aerodynamic force that
isin phase with the structuralresponsegeneratesa counterclockwise
hysteretic loop and does negative net work. It has been recognized
for both launch vehicle®® and aircraft* LCO that opposition of the
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Fig.5 Hiysteresis due to flowfield time lag.
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Fig. 6 Decomposition of semi-empirical force into pulse and lags.

force and response, that is, the presence of a clockwise hysteretic
loop, corresponds to negative aerodynamic damping.
Equation (16) can also be expressed in the time domain as

te te
/ 2wz dr = a)2/ gzdr (17)
0 0

Figure 6 shows the decomposition of the exciting force into a pulse
and lags, such that§ =§; +&,,. The pulse componentrepresents the
force variation for instantaneous flow-state changes at the critical
response value, whereas the lag component represents the change
to the force pulse affected by the aerodynamic time lag %

Note that the two shaded parts of the function & would be rect-
angular (rather than triangular) if the force-response coupling were
modeled by a pure step function that lags the criticalresponse value.
Theserectangleswould also have twice the area, reflecting that twice
the net work is conducted in a pure step model.

Because the velocity shown in Fig. 6 is symmetric about the
response-adjusted cycle midpoint, the net work conducted by the
force pulse &, equals zero. Equation (17), therefore, simplifies to

te le
2§a)/ 2dr = a)2/ £2dt ~ @i, At (18)
0 0

which dictates that the following relationship must be satisfied by
the excitation period:

/ (/) =S (19)
0

Note that the right-hand side of Eq. (19) would be twice as large for
the aforementioned pure step force—response coupling model.



2202 DOTSON, BAKER, AND SAKO

It can be shown that substitution of the simplified trial function
[Eq. (8)] into Eq. (19) yields

w(t, —1,)/2 sinfw(1,/2 — 1,)]
| sinlw (. —1,)/2] sin(wt,/2)

wt, /2 sin[w (1, —1,)/2] _ a)_At
+|:sin(wt€/2)i|{ sin(wt , /2) }_ T 2 (20)

The pulse width 7, can be eliminated from Eq. (20) through substi-
tution of Eq. (14). The excitation period is, therefore, the value ¢,
that satisfies the relationship

wt, /2 1+p
sin(wt, /2) || £sinB — pcos(wt,/2)

p(E — wt, /2 — n/2) sin(wt, /2) ! wAt
+sin B — cos(wt, /2) - 2
where the positive and negative signs in the symbol £ are applied

for the stable and unstable limit-cycle states, respectively. The exci-
tation periods for these limitcycles, in other words, are notidentical.

+ 1)

Accuracy of Solution

The multifrequency technique is exact for linear systems sub-
jected to periodic,analytic forcing functions.!> The results are, thus,
identical to those based on Fourier analysis, if all of the harmonic
terms in the series expansions are retained.!> For piecewise-linear
forces of the type shown in Fig. 2, this means that an infinite num-
ber of harmonic terms are required in Fourier analysisto achieve the
accuracy of the closed-form expressions from the multifrequency
technique.

Similarly, harmonic balance (HB) is often used to analyze non-
linear equations of motion,'¢ but can be quite cumbersome as the
number of harmonic terms increases. An HB solution is derived in
the Appendix using only the leading term in the Fourier expansion
of the force &. The objective of including the HB derivation is to
assess the loss of accuracy inherentin first-orderharmonic solutions
for the semi-empirical LCO model, to inspire confidence in the less
well-known multifrequency technique, and to develop useful rela-
tionships for the limits of the solution space.

Table 1 compares results from the closed-form expressions with
numerical solutions of Eq. (2). A 3-Hz mode with 1% of critical
structural damping and a 10-ms aerodynamic time lag is assumed.
The values z., and z, are taken as 5 and 4, respectively. The simpli-
fication wAt ~ 0 is used in neither the multifrequency nor the HB
solution.

The comparison indicates that the multifrequency and numerical
results are in very good agreement for both the stable and unsta-
ble limit-cycle states. The 1-2% error in the amplification factors
for the multifrequency solution is attributed to the effects of struc-
tural damping on the shape of the trial function [Eq. (5)]. For this

Table 1 Analytical and numerical results for example
problem (f =3 Hz, { =1%, At =10 ms, z., =5, and zg =4)

Analytical

Parameter Numerical Multifrequency HB

Stable limit cycle
fte 0914 0914 0.908
t,’,/te 0.370 0.372 0.359
AF; -3.07 -3.10 —2.88
AF, 2.52 2.55 2.23
Zmax 6.52 6.55 6.23
Zimin 0.93 0.90 1.12

Unstable limit cycle
fte 0.940 0.944 0.908
t,’,/te 0.103 0.095 0.171
AF; -1.09 —1.07 —1.39
AF, 1.04 1.03 1.12
Zmax 5.04 5.03 5.12
Zimin 291 2.93 2.61

example, first-order HB is significantly less accurate than the multi-
frequency solution. The 7-30% error in the tabulated AFs is caused
by truncationin the Fourier series expansion of the force variation

£ [Eq. (AD)].

Parametric Studies

The effects of the system parameters on the LCO are investigated
in this section. For the sake of clarity, only the analyticalexpressions
with the simplification wAt ~ 0 are used. The effects of w At are
considered secondary and beyond the scope of this work but could
be studied using the equations presented herein.

Figure 7 shows the nondimensional excitation period f?, as a
function of the key ratio f At /¢. Figures 7-10 can be used for other
models of the force transitionby applying a scale factor to the value
fAt/¢. The magnitude of the scale factor equals the area of the
hysteretic loop in the force transition model divided by that for
ramped force transitions. For example, the value f Af/¢ would be
scaled up by a factor of two for pure step force transitions because
the corresponding hysteretic loop has twice the area of that shown
in Fig. 5.

Note that a lower bound at fAf/{ ~2(z,—zp) exists. Below
this value, the work conducted during the force lags cannot bal-
ance the energy dissipation from structural damping. The excitation

1 B T T 11 T -I-I--I-L-I--I-LJ_+-I.:]:J.-J-::-E-

: '.l' '.' -: .-'-'--' 2 - :

0.9 -,': ." ,." . =

i §fos :

[+ fo2s ]

0.8 o —

[} ° ———— Stable ]

t .

fe :io.l ========= Unstable :
07 = HB -

: zcr_ z(): 0 :

0.6 .

0'5 coa by by e v by e b by g ]
0 1 2 3 4 5 6

S/
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frequency for unstable and stable limit cycles are not equal [see
Eq. (21)], but the first-order HB solution fails to predict this differ-
ence [see Eq. (A6)]. As the ratio f At/¢ increases, all of the curves
in Fig. 7 approach unity. In other words, in the limit, the excita-
tion period equals the period of the structural mode. Note that the
accuracy of the HB solutionimproves as the ratio f At/¢ increases.

Figure 8 shows the nondimensional excitation pulse width ¢, /¢,
given the nondimensional excitation period. The pulse widths for

both stable and unstable limit cycles are indicated, but the excita-
tion periods for the two states are approximately equal only when
fAt/¢ and z,—z, are both large (Fig. 7). The maxima of the curves
in Fig. 8 correspond to the largest separation between the critical
and quasi-steady deflections for which LCO is possible. Note that
the pulse width at this limiting value approaches,/4 as ft, (and,
hence, f At/¢) increases. The pulse width for the stable limit-cycle
state approaches?, /2 when the critical and quasi-steady deflections
are equal. It can also be concluded from Fig. 8 that, provided the
value ft, is fixed, the HB solution for the pulse width is in good
agreement with the multifrequency solution.

Figure 9 shows AF, and AF, as a function of the ratio fAf/¢.
These values, when added to the quasi-steady deflection yield the
maximum and minimum responses for the limit-cycle states (Figs. 2
and 3a). The HB solution underpredicts and overpredicts the AFs
for the stable and unstable limit-cycle states, respectively. The mul-
tifrequency and HB solutions for stable limit cycles become linear
(and independentof z.,—z¢) as the ratio f At/¢ increases. It is easy
to show, using the HB solution, that 7, /7, tends to one-half and that
the limits of AF, and AF, are given by

AF, = —1 — fA1/¢, AF, = -1+ fAt/¢ (22)

A single AF characterizes LCO induced by symmetric flow-
state oscillations because the minimum and maximum responses
are equal but of opposite sign (Fig. 1). Reference 6 shows that this
AF convergesto AF =2 f At /¢ as f At /¢ increases. The limits for
symmetric and asymmetric flow-state oscillations, therefore, are re-
lated by

AF, = 2AF, + 1 (23)

That is, the symmetric problem generates a response amplitude that
is roughly twice that for the asymmetric problem. This conclusion
is intuitively correct: In the symmetric problem, there are two force
pulses &, and four force lags & (Fig. 1). The symmetric problem,
hence, has twice as many force lags as the asymmetric problem.
Twice the amount of work is consequently conducted in each re-
sponse cycle.

It can also be shown using the HB solution that the pulse width for
the unstable limit cycle vanishes as f At /¢ increases and that AF;
and AF, approach zp—z, and z,—zg, respectively. The maximum
response for the unstable limit-cycle state, therefore, tends to z,.
In other words, the response just reaches z.,, which generates an
infinitesimal force pulse. This conclusion is corroborated by the
dashed curves in Fig. 8 and is illustrated in Fig. 4a.

Effects of Critical Deflection

Curves of the amplitude of the stable and unstable limit cycles,
constructedusing the multifrequency solution, are shown in Fig. 10
as a function of the control parameter z.,—zy. Initial responses that
lie within the dark triangular region fail to balance the energy dis-
sipation from structural damping and yield trajectoriesin the phase
plane that spiral toward the stable fixed point zy, designated by the
x axis (see Figs. 3a and 4a). Initial responses that lie within the
lighter region yield trajectories that approach the stable limit cycle,
designated by the heavy solid lines (see Figs. 3b, 3c, 4b, and 4c).
The two bifurcation points indicated in Fig. 10 are associated with
unique z.,—z, values as will be discussed.

The solution space shown in Fig. 10 is very similar to that for
a mass riding on a driving belt that is operating at a constant
velocity.!” The friction force for this stick-slip system depends on
the velocity of the mass relative to that of the driving belt. The rel-
ative velocity is a control parameter'’ analogous to z4—z¢ in the
present problem.

Saddle-Node Bifurcation Point

As shown in Fig. 10, a limit cycle does not exist if the parameter
za—zo exceeds approximately f At /2¢. In this case, the work con-
ducted during the force lags is insufficient to produce a steady-state
response that exceeds the critical displacement z,. The response,
thus, converges to the quasi-steady deflection z,. Note that, at this
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limiting value of the control parameter, the stable and unstablelimit-
cycle states are identical. That is, this point in the solution space
represents a fold, or saddle-node bifurcation of cycles.'®

Subcritical Hopf Bifurcation Point

The condition in which the critical deflection equals the quasi-
steady deflection, that is, z.; = zy, is also of special interest. In this
case, the unstable limit cycle disappears. Small-amplitude oscilla-
tions near z, that used to vanish now grow until they reach the
large-amplitudestable limit cycle. This behavioris characteristicof
subcritical Hopf bifurcation (see Ref. 18).

As mentioned earlier, the oscillating flow separation force can
be converted into aerodynamic stiffness and damping terms.®*
Equation (2) can, therefore, be rewritten as®®

2@t) + 20 +)i(t) + 0*(1 +n)z(t) =0 (24)
where

n=—§,/z,

Effective stiffness and damping are examined in detail in Refs.
8 and 9 for the semi-empirical model shown in Fig. 1. It is easy to
verify using Figs. 2 and 6 that n and n are positive and negative,
respectively, provided that the oscillating flow separation force is
out of phase with the structural response. Effective frequency and
damping of the limit-cyclestate are, therefore, higher and lower, re-
spectively, than the natural frequency and structuraldamping values
of the mode.

Itis alsoreadily apparentthatn and n are discontinuouswithin the
response cycle. The HB solution, however, leads to constant values
for these parameters because it implicitly linearizes the equation of
motion % If this smearing of the effects of the force pulses and lags
is adopted,itis evidentthat Eq. (24) correspondsto free vibrationof
alinear system with effective frequency and damping values defined
by&‘)

W= —wé 2% (25)

w, =wV1+n,

Indeed, atboth the stable and unstablelimit-cyclestates, the effective
damping value is precisely zero, which reflects that only undamped
free vibration can emulate the steady-state forced response 3

The eigenvalues of the Jacobian matrix for Eq. (24), when eval-
uated at the fixed point (z, 2) = (z,, 0), are given by’

A=—fotioy(o/o)? - 27

When z, < z(0) < z,, the response does not induce the force &.
Therefore,n =n =0, w, = w, and ¢, = ¢. The real part of the com-
plex conjugate pair XA is consequently negative, which means that
the fixed point is stable.'® However, when z(0) = z, = z,, the force
& is induced, and the aerodynamic damping term 7 is very large
and negative’ The complex conjugate pair A, therefore, “jumps”
suddenly over the imaginary axis and into the positive real half of
the complex plane.!” This transition of positive-to-negative effec-
tive damping for the linearized system (and the attendant behavior
of the eigenvalues of the Jacobian matrix) is emblematic of Hopf
bifurcation (see Refs. 17 and 18). Discontinous bifurcations of this
type are common in motion-dependent mechanical problems and
are addressed comprehensivelyin Ref. 17.

le=¢+n (26)

Conclusions

Asymmetric flow-state oscillations coupled with the response of
a single structural mode can be characterizedas a weakly nonlinear
system. The problemis amenable to analysisusing a multifrequency
trial function defined by the steady-stateresponseof a linear oscilla-
tor subjectedto a semi-empirical,analytic force. The multifrequency
solution is in very good agreement with results from numerical so-
lution of the equation of motion.

HB using a single term in the Fourier expansion of the idealized
unsteady force is generally not as accurate as the multifrequency
solution, but yields useful relationshipsfor the limits of the solution
space. The convergence of the first-order HB and multifrequency

solutions also suggests that a first-order multiple scales'® approxi-
mation could be used to study the evolutionof the transientresponse
to the limit-cycle state for cases in which fA?/¢ > 2(z,—2p). In
other words, an analysis similar to that presented in Ref. 9 could be
conducted for asymmetric flow-state oscillations. (Dotson’ shows
that if the product of the natural frequency and stuctural damping
is low, the modal response generally will not reach the limit-cycle
state unless the structure dwells in the transonic region.)

A stable fixed point, corresponding to quasi-steady deflection of
the structural mode, is generally surrounded in the phase plane by
an unstable and a stable limit cycle. The force-response coupling
model used herein indicates that critical deflection values z., = z,
and z., = zo + f At /2¢ correspondto a subcritical Hopf bifurcation
pointand a saddle-nodebifurcation point, respectively. The location
of the saddle-node bifurcation will differ when other models of the
flow-state transition are used. It can be concluded that these phase-
plane features may exist in aeroelastic phenomena due solely to the
presenceof a time lag during the change from one aerodynamic flow
state to another.

Appendix: HB Solution
A solution of the nonlinear equation of motion based on HB!® is
provided for comparison with expressions from the multifrequency
technique.

Series Expansion
It can be shown that the Fourier series expansion of the function
& (Fig.2) is given by

A 00
$(r)=—u+ Z a, cos(w,T) (A1)

tﬁ’

n=1.2,..
where w, =2nm/t, and
2 sin(w,At/2 w, (t, — A1)
4, = (~1y+1 2 Sn@,A1/2) ) ol (A2)
nw w,At/2 2

Only the leading harmonic in the expansionis used herein; in other
words, terms with n # 1 are ignored.
The admissible harmonic displacementis given by

Z =z + bcoslwe(t + At/2)] (A3)

in which the mean term z,,, the constant b, and the frequency w,
will be defined by balancing coefficients in the nonlinear equation
of motion. Note that, according to Eq. (A3), the response is ap-
proximated by a shifted cosine function oscillating about a constant
value.

General Solution
Substituting Egs. (A1), with n =1, and (A3) into Eq. (2) yields

b[1 = (@, /)] coslw, (t + At/2)] — b(2L w, Jw) sin[w, (T + At/2)]
+z, = —(t[’, — At)/t, + a, cos(w,1) (A4)

Equating the constant terms on the left- and right-hand sides of
Eq. (A4) yields

Zm = _(tl/’ - At)/te (AS)

The sine and cosine functionson the left-hand side of Eq. (A4) are

nextexpandedinto terms involvingcos(w, ) and sin(w, 7). Equating

the resultingcoefficients of sin(w, ) on the left- and right-handsides
of Eq. (A4) yields

(we/w — w/w,) tan(w, At /2) = 2¢ (A6)

Similarly, the coefficients of cos(w, ) yield

2 w? sin(w, At) . ,
h== - sin[w, (1, — Ar)/2] (A7)

2
b4 — w, At
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Equation (A6) establishes the excitation period (¢, = 27 /w,) but
is independent of the pulse width 7. HB, therefore, predicts that
the periods of the stable and unstable limit-cycle states, which have
different pulse widths, are identical. Recall that this is not true for
the multifrequency solution or for the numerical results (Fig. 7 and
Table 1).

The requirement that the response equal the critical value at the
time point?, establishesthe pulse width ). Equation (A3), therefore,
provides the relationship

Zer = Zm + bCOS[a)e(ta + At/z)] + 20 (AS)
Evaluating Eq. (A8) yields

Za — 20 = —(t, — AD)/1,

n l( i )Sm(‘”"m) sinfo, (¢ — AD)] (A9)
7\ w2 —&? w, At r
Equation (A3) indicates that the AFs (Fig. 2) are defined by
AF, =z, +0b, AF, =z, —b (A10)
such that
Zmin = Zo + AFy, Zmax = Zo + AF, (A11)

Simplifications for Negligible Force Ramp

As discussedin the text, the simplification w At ~ 0 is appropriate
when the time lag is small relative to the period of the structural
mode or when the force-response couplingis modeled as a pure step
function that lags the critical response. In this case, Eq. (A6) yields
the following explicit equation for the nondimensional excitation

period:
fto=1/V1+4z oAt (A12)

Making use of this expression in the simplified form of Eq. (A7)
yields

b= —(fAt/¢)sin(rt,/1,) (A13)

Finally, the pulse width ¢z, is defined by the following simplified
form of Eq. (A9):

Zer —Zo = _tp/te + (fAt/2§) Sin(wetp) (A14)

Unlike the multifrequency technique [see Eq. (14)], HB does not
yield an explicit expression for the nondimensional pulse width
t,/te.

1 The magnitude of the work conducted during the force lags de-
pends on the form of the flow-state transition. The ratio fAt/¢,
therefore, should be scaled if Eqs. (A12—-A14) are applied for tran-
sition models other than that shown in Fig. 2.
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